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LEFEF ACR™
o Z(A): Z¥EHE A ERBRFFS Borel fE
® ME pc.#(A) MZEE:

supp(u) = cl({x € A | u(B) # 0,VB & x RIFFeBi})

o /.(A): %% A LRIAMR Borel WE
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JEFME (atomic measure)

® Dirac UFE ox: ox(x) =1, ox(R"\ {x}) =0

o s JRFME:

S S
L= Ay, X1, X ERT AL A >0, Ni=1
i=1 i=1

® %5 (moment): yo = [x%dp, a € N”
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o HAIRHMEK = {xcR" | g1(x) >0,...,8m(x) >0}
éiﬁfﬂ%ﬁ

EWEFT Yy = (Vo)aenr CR, BEFEZEE K _LAIHIR Borel
EMiﬁwgﬂﬂ%m—fﬂmHMEN”

A5 T A 2 R
BEMEFI Y = Va)acor SR, BEFAXER K LRIFIR Borel I
B w(RRMNE) €15 yvo = [x%dy, Vo e o/ 7

o

ZIMAMUNIT: MEFEE tZ=IBEAZE, 2024 FEfF 5/23



Riesz £k 14z i

o BEMIERS] Y = (Vo)acrn C R, X Riesz BHZE Ly : R[x] - R:

f(: Z faxo‘> = Ly(f) = Z faYa, Vfe R[x]

EIE (Riesz—Haviland)

BEY=Ya)aenr CR, RIEKCR" 2. Wy FAESZEE K £HY
Borel FRMELBNY Ly(f) >0, Vfe P(K) (K LHIERSTNK) .
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77 P F R AR L RE R

oy = (ya)aeN" CR
o N = {aeN||a| < 1}
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77 P F R AR L RE R

oy = (ya)aeN" CR
o N = {aeN||a| < 1}

o r % EAE (moment matrix) M, (y):

M, (y)]gy = Ly(x"*") = yg,~, VB,v€N]
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77 P F R AR L RE R

oy = (ya)aeN" CR
o N = {aeN||a| < 1}

o r % EAE (moment matrix) M, (y):
M,(¥)lgy = Ly(x**7) = yg4s, VB, EN]
®BTE &= . 8ax% rNBEBLEEFE (localizing matrix) M,(gy):

M (ey)lgy = Ly(x**78) = gaYatpsr: VB, v EN]
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77 P F R AR L RE R

1 Yo
M (Y) = x Y1
< y2

Y1
Y2
y3

1 X
y2
1 Yo—Yy2 Yi1—Yy3
y3 ) Ml(gy) = Y
X Y1 —y3 Y2—Y4
ya
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o x=(x1,x), §=x1 —x%:

x1

x2

Ma(y) =
5

x1x2

2
x5 L

Mi(gy) = x1

x2

Yo,0

¥1,0
Y0,1

¥2,0
y1,1
Y0,2

X1

¥1,0

¥2,0
y1,1

¥3,0
y2,1
y1,2

Y1,0 — ¥2,0
Y2,0 = ¥3,0
Y1,1 — ¥2,1

X2

Y0,1

yi,1
Y0,2

y2,1
y1,2
Y0,3

¥2,0
¥3,0
y2,1

e

I y30
[ y2n

| vao
[ ysa

[ y2,2

X1

—¥3,0 Y1,1 —¥2,1
— Y4,0 y2,1 —¥3,1
—¥3,1  Y1,2 —¥2,2
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yi,1

y2,1
y1,2

¥3,1
¥2,2

¥1,3

x2
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y2,2
y1,3
Y0,4




EFE[E) AR Archimedean Z 4

o HMiFRABMEK = {xcR" | g1(x) >0,...,gm(x) > 0}
® Archimedean &f: TF&E N> 0 {#5 N— [x||2 € Q(g) ~ K BE&

EIE (Putinar's Positivstellensatz X&)
BE Y = (Ya)aernn C R, Bi& Archimedean Z54 3. M y FHEZIEE
K /9 Borel RINUWEHBIXE M (y) = 0, M/(giy) = 0, XtFTHR)

e [m] f1 reN.
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EEEBIME: EE

o HAIEK#MEK = {xcR" | g1(x) >0,...,gm(x) >0}

TEIE (Schmidgen's Positivstellensatz X3{&)
B/EY = (Ya)aerr CR, BRi% K BER. My FHEZEE K E£RY Borel
FTRMEHHNY M,(y) =0,M,(gry) =0, ItFrBRI /C [m| 1 re N.

(g1= Hielgi)
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B 5K

® B ¥ = (Ya)acng, C R i#E M/(y) = 0
o FiBY 3K Mria(y) = 0, rank(M(y)) = rank(M,11(y))
FEIE (Curto & Fialkow, 1991)

BE Y = (Ya)acny, € R. My 727E rank(M(y))-BEFRTNEY ERNY
M, (y) = 0 B M,(y) FEEFET 3K M1 (y).
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BT K-%E o] R AY 7

o ;= [“HE], i [m
® dx = max{d,...,dn}
EIE (Curto & Fialkow, 2000)
BE Y = (Ya)acny, CR. My HFELZEE K £ rank(M(y))-BEFE
TEYEMNY

Q@ M,(y) = 0, M,_4(gy) = 0, i € [m],

@ rank(M,(y)) = rank(M,_4,(y)).
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RFNERR

o fERx], &R FHRENHE (f=F[x],)
o ker(M.(y)) = {f € Rlx], | M/(y) = 0}

2% M, (y) = 0 B rank(M,(y)) = rank(M,_1(y)) = s. M y FZZEF

ERT u= Y0, Aoy, B (ker(My) = I({x,....x;}) B—1 B4k
STIRIEAE.
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FiEETSRIEER

® M,(y) = 0 B rank(M,(y)) = rank(M,_1(y))
® EXFERT M i€ [n):

M; : R[x]/ (ker(M(y))) — R[x]/(ker(M(y)))

f — X,'-f

° iiﬁ%ﬁﬁ M17 (R Mn: iiﬁﬁ% M17 R 7Mn E%/I\ETﬁgiﬁT%Eﬁ
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Stickelberger's Theorem

IR (Stickelberger's Theorem)

% ICRx] B—ABHER. N | WESERHTEER (M), iF
NHESFER N SE, B,

V() ={(&,...,&) € C" | Jve C"s.t.Vi€ [n], Miv=Ev}.
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RIS #E S &E (Klep, Povh, & Voléig, 2018)

i M (y) = 0 B rank(M(y)) = rank(M,—1(y)) = s

o Step 1: IHHARESMHE M—1(y) = UDUT, HH D RIEEX k%,
UU =1

e Step2: & M;=vD ‘UM, _1(xy)UVD ', i=1,....n

o Step3: & M=31, oM, Eff ¢ ZREHERMKIRE

e Step 4: TEIENE M= QTQT

o Step 5: & x;:= (qf Migj)Ly, j € [s], HEF {qj}1<<s & Q W@ E
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e n—2:

Ma(y)

W O N R ke

o O k~ O N R

O O O wWw O =

S O 0 O = N

o O ©o o o o
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o IR =N ER:
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BT K-%E o] R AY 7

o d; = [1EE)] jc[m]
® dx = max{d,...,dn}

EIE (Curto & Fialkow, 2000)

QA

G Y = (Ya)aeng CR. &
Q M,(y) = 0, M, q(giy) = 0, i € [m],
Q@ rank(M(y)) = rank(M,_q(y)),
Wy FERFUERT: p=>27 N, B{x,. . x}CK
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o JE-FHFIAMS R
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® Jean B. Lasserre, Moments, Positive Polynomials and Their Applications, Imperial

College Press, 2010.

® Jean B. Lasserre, An Introduction to Polynomial and Semi-Algebraic

Optimization, Cambridge University Press, 2015.
® |gor Klep, Janez Povh, and Vol¢i¢, Minimizer Extraction in Polynomial

Optimization Is Robust, SIAM Journal on Optimization, 2018.
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EZEERATAER

https://wangjie212.github.io/jiewang
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