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1. Introduction

The main notion we consider in this paper is the difference index of a difference algebraic system
over a difference field K (i.e. a field with a transforming operator, for instance K := Q(x) the field of
rational functions with the shift o: f(x) — f(x+ 1) as a transforming operator). Roughly speaking,
the difference index is an important numerical invariant associated to a difference algebraic system
which provides the order of transform we need to apply to the system to obtain the relations up to a
prescribed order that all the solutions must verify. In some sense, difference indices can be regarded
as a measure of the complexity of difference algebraic systems. The difference index is also closely
related to some other important invariants of a difference algebraic system, for example, the order
and the Hilbert-Levin regularity. Moreover, difference indices can be utilized to solve the difference
ideal membership problem.
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The analogous notion for a differential algebraic system is the differential index, which has been
extensively studied for many years. Actually, there are several definitions of differential indices of a
differential algebraic system in the literature (see for instance D’Alfonso et al., 2009, 2008; Campbell
and Gear, 1995; Le Vey, 1994; Pantelides, 1988; Seiler, 1999). Although they are not completely equiv-
alent, in each case they represent a measure of the implicitness of the given system. However, the
corresponding notion of difference indices for difference algebraic systems has been rarely studied yet.
Recently in Wang (2016), difference indices of quasi-regular difference algebraic systems were first de-
fined following the analogous method used in D’Alfonso et al. (2009, 2008) by D’Alfonso, Jeronimo,
Massaccesi and Solernd. In this paper, we will generalize the definition of difference indices to more
general difference algebraic systems, i.e. quasi-prime difference algebraic systems. The difficulty is to
calculate the transcendence degrees of certain associated field extensions without the regular con-
dition. In order to overcome this difficulty, we will introduce the new concept of quasi dimension
polynomials for quasi-prime difference algebraic systems. Let us explain it in more details.

Suppose F is a set of difference polynomials, A is the difference ideal generated by F, and p is
a minimal reflexive prime difference ideal over A. Denote by Aj the algebraic ideal generated by F
and the transforms of F up to the order k — 1 in the corresponding localized polynomial ring at p.
Then we say the system F is quasi-prime at p if Ay is a prime ideal for any positive integer k and A
is reflexive. For a difference algebraic system F which is quasi-prime at p, we consider the dimension
of Ay as a function of k, denoted by (k). It turns out that (k) becomes a polynomial of degree
one for k large enough, which we call the p-quasi dimension polynomial of the system F. By virtue of
p-quasi dimension polynomials, we can give the definition of the difference index of a quasi-prime
difference algebraic system, which is called the p-difference index. As usual, its definition follows from
a certain chain which eventually becomes stationary. In analogy with the case of 3-differential indices
in D’Alfonso et al. (2009) and the case of p-difference indices in Wang (2016), the chain is established
by the sequence of ranks of certain Jacobian submatrices associated with the system F. Assume F
is quasi-prime at A, w is the A-difference index of the system F and p is the least k such that the
A-quasi dimension polynomial of F holds. Then it turns out that for i+w > p+e—1 (e is the highest
order of F), w satisfies:

Aj—et1+0 NAi = AN A;,

where A; is the polynomial ring in the variables with orders no more than i, which meets our expec-
tation for difference indices.

This approach enables us to give an upper bound for the p-difference index of a quasi-prime
difference algebraic system. Basing on this, we can give several applications of p-difference indices,
including an upper bound for the Hilbert-Levin regularity and an upper bound of orders for the
difference ideal membership problem of a quasi-prime difference algebraic system.

The paper will be organized as follows. In Section 2, we list some basic notions from difference
algebra which will be used later. In Section 3, the p-quasi dimension polynomial of a quasi-prime
difference algebraic system is defined. In Section 4, we introduce a family of pseudo-Jacobian matrices
and give the definition of p-difference indices through studying the ranks of them. In Section 5, some
properties of p-difference indices will be proved. In Section 6, several applications of p-difference
indices are given. In Section 7, we give an example.

2. Preliminaries

A difference ring or o -ring for short (R, o), is a commutative ring R together with a ring endomor-
phism o : R — R. If R is a field, then we call it a difference field, or a o -field for short. We call o the
transforming operator of R and usually omit o from the notation, simply refer to R as a o-ring or a
o -field. A typical example of o-field is the field of rational functions Q(x) with o (f(x)) = f(x + 1).
For any a € R, o (a) is called the transform of a. For n € N, ¢"(a) = 0"~ !(0 (a)) is called the n-th trans-
form of a, with the usual assumption ¢®(a) = a. In this paper, unless otherwise specified, K is always
assumed to be a o-field of characteristic 0.
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Definition 2.1. Let R be a o-ring. An ideal I of R is called a o-ideal if for a € R, a € I implies o (a) € I.
Suppose I is a o-ideal of R, then I is said to be

o reflexive if o (a) € I implies a € I for a € R;
e o-prime if I is reflexive and a prime ideal as an algebraic ideal.

For a subset F in a o-ring, we denote by [F] the o-ideal generated by F. Let K be a o-field.
Suppose Y = {y1,..., ¥n} is a set of o-indeterminates over K. Then the o -polynomial ring over K in
Y is the polynomial ring in the variables Y, o (Y), 0%(Y), .... It is denoted by

K{Y}=K{y1, ..., Yn}

and has a natural K-o-algebra structure. For a o-polynomial f € K{Y}, the order of f, denoted by
ord(f), is the largest j such that the variable oJ(y;) appears in f for some i. For more details about
difference algebra, one can refer to Wibmer (2013).

For the later use, we give the classical Jacobian Criterion here.

Lemma 2.2 (Jacobian Criterion). Let K be a field of characteristic 0 and S = K[y1, ..., yn] the polynomial
ring over K. Let I = (f1, ..., fr) be anideal of S and set R = S/I. Let P be a prime ideal of S containing I and
assume k (P) is the residue class field of P. Then

dimy(py k (P) ® Qrp/k =n — ranky(py J,

where ] := (3 fi/9y j)rxn is the Jacobian matrix. In particular, if I is itself a prime ideal, then dimy (1) Qi (1y/x =
n — ranky () J, where «(I) is the residue class field of I. Here, Qg,/x and 1),k are modules of Kihler
differentials.

Proof. One can find a proof in Eisenbud (2004, Chapter 16, Theorem 16.19). O

3. Quasi-prime difference algebraic systems

Let K be a o-field. Let a be an element in a o-extension field of K, S a set of elements in a
o-extension field of K, and i € N. Denote a® = gi(a),a! = {a,a®,...,a®}, S® = Uzes{a?} and
Sl = Ugesalll, For the o-indeterminates Y = {y1,...,yn} and i € N, we will treat the elements of
YU as algebraic indeterminates, and K[Y] is the polynomial ring in Y over K.

Throughout the paper let F ={f1,..., fr} € K{Y} be a set of difference polynomials over K, [F]
the o-ideal generated by F, and p C K{Y} a o -prime o -ideal minimal over [F]. Let e := max{ord(f;) |
1 <i <r} for the maximal order of an element of F. We assume that F actually involves the trans-
forming operator, i.e. e > 1. We also introduce the following auxiliary polynomial rings and ideals: for
every k € N, Ay denotes the polynomial ring Ay := K[Y¥] and A := (fl[kfu, e fEY € Ak e
We set Ag :=(0) by definition.

For each non-negative integer k we write By for the local ring obtained from Ay after localization
at the prime ideal Ay Np and let py := Ax_14e Np. For the sake of simplicity, we preserve the notation
Ay for the ideal generated by f}k_”, ceey fr”‘_1J in the local ring By_14. and denote by A the o-ideal
generated by F in K{Y},.

Definition 3.1. We say that the system F is quasi-prime at p if Ay is a prime ideal in the ring By_14¢
for all k e N and A is reflexive.

If the system F is quasi-prime at p, then by the minimality of p, A agrees with p in K{Y},, since
A is itself a o -prime ideal.

Example 3.2. Consider the system F = {(ygl) + yz)(yg]) - yz),ygz) — y1} € K{y1, y2}. Choose p =

[ygl) -2, yﬁz) —y1] which is a o -prime ideal minimal over [F]. For each k € N, since the generators of
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Ay is linear in the local ring By_14e, Ak is clearly prime. To show A is reflexive, let S = K{y1, y2}\p.
Suppose o (f) € [F]: S, then there exists s € S such that so (f) € [F] C p. Note that p is prime and

s¢p, so o(f)ep and hence f ep. We can write f =3, ot,'(ygl) —y)® 4 Z]‘ /Sjej(ygz) -y,

Let s’ = ]_[,»E,(ygl) +y,)D eS. Thens'f e [F] and f € [F]:S. So [F]:S is reflexive and by Proposition
1.2.9 of Wibmer (2013), A is reflexive. Thus F is quasi-prime at p.

Remark 3.3. If the o-ideal [F] € K{Y} is already a o-prime o -ideal, the minimality of p implies p =
[F] and all our results remain true considering the rings Ay and the o-ideal [F] without localization.
In this case if F is quasi-prime at [F], we will say simply that F is quasi-prime.

In this paper, unless otherwise specified, we always assume that F is a difference algebraic system
which is quasi-prime at p.

We will define quasi dimension polynomials for quasi-prime difference algebraic systems. First let
us prove a lemma concerning the rank of a certain kind of matrices.

For a matrix E over a o-field K, we use E® to denote the matrix whose elements are the i-th
transforms of the corresponding elements of E.

Lemma 3.4. For a matrix E over a o -field K, rank(E®") = rank(E). As a consequence, the dimension of the
subspace spanned by the row vectors of E(V) is equal to the dimension of the subspace spanned by the row
vectors of E.

Proof. It is clear that the maximal nonzero minors of E) and E have the same order since the
transforming operator on K is injective. It follows rank(E") = rank(E). O

Lemma 3.5. Let Eq, Eo, ..., E; € KP*% and
Ei E; - E;
1O M 1)
EV E E;
My =
k=1 k=1 k—1)
E; Ej o Ey

Then for k large enough, there exists d’ € N and s’ € Z such that

rank(My) =d’k +'. (M
Moreover, the least k such that the equality (1) holds is bounded by (t — 1)(min{p, q} + 1).
Proof. For the sake of convenience, for each pair m,n € N,m <n, let us define an operator 7" on
subspaces of K™,

T (V):={ve K™ | (0,v)eV,0e K"},

where V is a subspace of K".
Suppose k >t — 1. Let us apply the row Gaussian elimination to M. Step one, apply the Gaussian
elimination method to the first (t — 1)p rows of M, i.e. the submatrix

b Eﬁ) o | E) _ _(1_) _____ i
EVED o ED E ‘

A = | . . |
c. | . t. t. |

(t=2) | p(t—2) (t—=2)1

Ey Wk "o o BT

Then we obtain a reduced row echelon matrix with several rows containing nonzero elements only
in the dotted line area. Denote the submatrix consisting of the fragments of these rows in the dotted
line area by Bg. Let Ug be the subspace of K“~14 spanned by the row vectors of B.
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Step two, apply the Gaussian elimination method to Bp and the next block submatrix

(ng—n Egt—” Ef‘” . We again obtain a reduced row echelon matrix with several rows
containing nonzero elements only in the dotted line area:
EDED .o JEDT T T |
@ @ O] (2) !
Ey” E; B Et—] E; |
. | .. |
© ° |
(t=1) | p(t—1) (t=1)
Ey By oo B

As before, denote the submatrix consisting of the fragments of these rows in the dotted line area
by B; and let the row vectors of B; span a subspace U; € K® 14, If we denote the subspace
spanned by the rows of the submatrix A by W, and denote the subspace spanned by the row
vectors of E{Ey---E; x 0P*E=1D4 and the vectors in {0}9 x W@ by P, then Uy = ng;_lz);'q(W) and

Ui =752 (P). 1t follows US" € U;.

(t—1)q
For j > 1, denote the set of the row vectors of the block submatrix
(j+t=2) (j+t=2) (j+t—2)
( E; E; - E )

by Vj. Then Vi1 = V](.l) . Continue performing the Gaussian elimination as step two for each block

submatrix (E;Ht*z) Eéjﬂ*z) . Efj“*z) . At each step we obtain a reduced row echelon matrix
with several rows containing nonzero elements only in the dotted line area:

2 o ! .
Egj-s-l) E§J+1) gUED E;H-l)

gD gD . "_EthT __________
|
| Tt—=1
I

Denote the submatrix consisting of the fragments of these rows in the dotted line area by B; and let
the row vectors of B span a subspace U; C K¢~D4. Recursively we have
t—1
Uj=m "(Span(Uj_1 x {0}1U V)

for j > 1, where Span represents the spanned linear subspace. Since U; is the subspace spanned
by row vectors of a submatrix with (t — 1)q columns and no more than (¢ — 1)p rows, dim(U;) <
(t — 1)min{p, q}. We next show that the sequence of subspaces (Uj);en satisfies U;l) CUjyq for all
j=0andif U" =Uj,1, then US), = Ujy.

Let us do induction on j. The case j =0 has been proved above. Now suppose j > 1. Then by the
induction hypothesis, U;l) = 7'L't(¢;_1)q(Span(UjAli)l x {0} U V;l))) - nt(é—l)q (Span(U; x {0} U V1)) =
Uji, and if USY) = Uj, then USY = Ujyq. So by Lemma 3.4, dim(Uj) = dim(U{") < dim(U;11),
and if dim(U) = dim(U j;1), then dim(U 1) = dim(U ). It follows that (dim(U))jen is a strictly
increasing sequence and eventually stabilizes at some constant after at most (¢t — 1) min{p, q} + 1
steps since the dimensions of the subspaces U; are no larger than (t — 1) min{p, q}. So there ex-
ists a non-negative integer r < (t — 1)min{p, q} such that for j > r, dim(U;) = dim(U;4+1) and
dim(Span(U; x {0}9 U V1)) = dim(Span(U 41 x {0}9 UV 5)) by Lemma 3.4. Then for j>r, by the
process of the Gaussian elimination, we have

rank(My¢) — rank(Mj4¢—1) = dim(Span(U; x {0}7U Vjs1)) —dim(U; )
=dim(Span(Uj41 x {0} U V) —dim(Uj;1)

=rank(Mj¢11) — rank(M ).
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As a consequence, for k large enough, there exist d’, s’ € N such that

rank(My) =d'k + s,
and the least k such that the above equality holds is bounded by (t — 1)min{p,q} +t — 1=
(t —1(min{p,q}+1). O

Now we introduce quasi dimension polynomials for quasi-prime difference algebraic systems. De-
fine

a(F,FV . . Fk-1)

Jki= Ay, Y(l), s Y(k—1+e))
dF  _dF s _OF
Y YD IY©
aF®  HFd aF®
YD Y@ T Py Gal
= . . . 4
JFk—D  pk-D gFk-1
Y k-1 ay®) Y k—1+e)
(6] . .
where each gg; denotes the Jacobian matrix (B(fl(p.), . fr(p))/a(y(lq.), YDy
Since the partial derivative operator commutes with the transforming operator, we have
IF 9F e _OF
Y (1) aY®©
(@)(1) ( aF y» ( aF y»
Y Y ay®©
Jk= . .
OF y(k—1) oF k-1) | oF y(k—1)
(3y) (8Y(1)) (EJY(‘?))

Denote by «(Ay) the residue class field of Ay in the ring Br_11e, by k(pg) the residue class field
of py in the ring Ayx_14e, and by « the residue class field of p. To define the p-quasi dimension
polynomial of the system F, we need to add an extra hypothesis on the system F: we assume that
the rank of the matrix Ji over « (Ay4;) does not depend on i, where i € N. That is to say, the rank of
the matrix J considered alternatively over x (Ay), or over k (i), or over k is always the same.

Remark 3.6. This hypothesis is satisfied for relevant classes of difference algebraic systems, for exam-
ple:
fi=g(Y, ..., Ye) —z
F:= (2)
fr=g (Y, .. YY) —z
where for every 1 <i <r, g; is a polynomial in the (e; + 1)n variables Y,...,Y® and the vari-
ables Z = {z1,...,z} form a new set of o-indeterminates. Note that K[YWk—1+el zlk—1+elj/A; ~

K[Yk=1+el] so we can regard the entries of J; as polynomials in the ring K[Y¥=1+el]. Since
ANK[Yk=1+el] = 0, the ranks of J, considered over x(Ay) and over « are the same.

Theorem 3.7.Suppose F is a difference algebraic system which is quasi-prime at p. Let (k) :=
trdegy (k (Ag)). Then for k large enough, there exists d € N and s € Z such that

Y(k) =dk +s.
Moreover, the least k such that the above equality holds is bounded by e(min{r, n} + 1).

Proof. By the property of Kdhler differentials, we have (k) = trdegy (k (Ar)) = dimye(a,) Qi (ap)/K-
By Lemma 2.2, dimK(pk) K (Pr) ® Quc(ap) /K = dim,(<Ak) Qe(ap/K = (k+en— rank,((pk)(]k) =(k+en—
rank (J). It follows ¥ (k) = (k + e)n — rank, (Ji). Thus the conclusions of the theorem follow from
Lemma 3.5 by settingd=n—d and s=en—s'. O
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Definition 3.8. In the above theorem, ¥ (k) = dk + s is called the p-quasi dimension polynomial of the
system F, and the least k such that the p-quasi dimension polynomial holds is called the p-quasi
regularity degree of F, which is denoted by p.

4. The definition of p-difference index

Following D’Alfonso et al. (2009), we introduce a family of pseudo-Jacobian matrices which we
need in order to define the concept of p-difference indices.

Definition 4.1. For each ke N and i € N>._1 (i.e. i e N and i > e — 1), we define the kr x kn-matrix
Jk.i as follows:

a(l:'(ifevL])7 F(i7€+2)’ o F(ifeJrk))

]k,i L= - - -

(YD, y(+2) | y(+h)

JFl—e+)

Sy 0 e 0

gFl—e+)  yp(i-et2) 0

_ aYG+D Y (+2)
gpl—eth)  gpli—eth) o pli—e+h)
Py Gal Y2 T Ty b
® . )
where each gg{(q) denotes the Jacobian matrix (a(f{"), s fr(p))/a(yg‘p, U200 W

Since the partial derivative operator commutes with the transforming operator, we have

(%)(Fﬁ%l) 0 0
F i—e+2 JoF i—e+2
Jii= (8Y<971))(l o+ (W)(l s 0
ki = . . . . s
oF N k oF N k ‘ aF (i k
(W)(l e+k) (W)(l e+k) .. (m)(l e+k)

9F _ PP
where we set that T = 0if j<O.

Note that Jr i1 = jlgll)
Definition 4.2. For k € N and i € N>,_1, we define uy; € N as follows:

o [gi:=0;
o [ = dim, ker(],f,.), for k > 1, where ]lgi denotes the usual transpose of the matrix Ji ;. In
particular gy ; = kr — ranke (Ji.i)-

Proposition 4.3. Let k e Nand i € N>._1. Then g j = [k i+1-

Proof. Since Ji i1 = ],Eli) for any k € N and any i € N>, then uy; = pgi+1 follows from
Lemma 3.4. O

The previous proposition shows that the sequence py ; does not depend on the index i. Therefore,
in the sequel, we will write p instead of 1 ;, for any i € N>e_q.

For k € N and i € N>._1, we denote by Q;y the residue class field of A;_.;11x N B; in the ring
B;. As an additional hypothesis on the system F, we assume that the rank of the matrix Ji; over
K (Aj_e+14k+s) does not depend on s, where s € N. That is to say, we assume that the rank of the
matrix Ji; considered alternatively over « (A;_e414+k), OF OvVer Kk (Pj_ey14k), O over k is always the
same.



8 J. Wang / Journal of Symbolic Computation 87 (2018) 1-13

Remark 4.4. This hypothesis is satisfied for relevant classes of difference algebraic systems such as
(2) in Remark 3.6. Note that K[YU+K zli—e+kl1/A; 4. ~ K[YU*K]], so we can regard the entries of
Jri as polynomials in the ring K[YU+kI], Since A N K[YU*X] =0, the ranks of Ji; considered over
k(Aj_e+14k) and over k are the same. The analogous hypothesis is also required in various notions
of differentiation indices.

Proposition 4.5. Assume that the p-quasi dimension polynomial of F is vy (k) = dk + s and the p-quasi regu-
larity degree is p. Letk e Nand i € N>,_1. Then

1. The transcendence degree of the field extension
Frac(Bi/(Aj—e+1+k N Bi)) <> Frac(Bik/Ai—e+1+k)

isk(n —r) + .
2. Fori+k> p + e — 1, the following identity holds:

trdegy (Frac(Bi/(Ai—e+1.4) N B)) = d(i + 1) + (d +1 — mk +5 — ed — .

Proof. 1. We can consider the field Frac(Bj;x/Aj_e+1+k) as the fraction field of
QiulYITY, Yy (plmet, | pleth)

Therefore by the property of Kahler differentials and Lemma 2.2, the transcendence degree of the
field extension equals kn — rank (J ;) =kn — (kr — ) =k(n —r) + W.

2. Since when i +k > p+e —1, by Theorem 3.7, trdegy (Frac(Bi+k/Aj—et+14k)) =d(i—e+14+k) +s,
we have

trdegy (Frac(Bi/(Aj—e+14k N Bi))) =d(i—e+1+k) +s—k(n —r) — g
=d(i+1)+d+r—nk+s—ed— u,. O

We prove another lemma concerning the rank of a certain kind of matrices.

Lemma4.6. Let E1, E;, ..., E; € KP*% and

Eq
(€Y (¢
E, E;

(t.—l) (t.—1) . (t-1)
E; Et—] e El

Egk_.n E;li_;u B Egk_l)
Then for k large enough, there exists ' € N and a’ € Z such that
rank(Ny) =d'k +d'.
Moreover, the least k such that the above equality holds is bounded by (t — 1)(min{p, q} + 2).
Proof. Assume k > 2t — 2. Denote the submatrix consisting of the first (t — 1)p rows and the first
(t — 1)q columns of Ny by A, that is

Eq
(1) (e))
E E
2 1
A= . . . >

(t;Z) (t;2) . (t=2)
Et—l Et—2 T E]
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and denote the submatrix of Nj by removing the first (t — 1)p rows by Cy, that is
(t=1) p(t=1) (t=1)
E; E_4 R

t) (t) )
. E; Et_1 S E;
Cy:=

k=1)  pk=1) (k=1)
Et Et—l e E]

In analogy with the proof of Lemma 3.5, apply the Gaussian elimination method to Ci, but from
bottom to top and from right to left. Then, for k large enough, there exists d’ € N and s’ € Z such
that

rank(Cy) =d'(k—t+ 1)+ ¢/,

and the least k such that rank(Cy) =d’(k —t + 1) + s’ is bounded by (t — 1)(min{p,q} +1) +t—1=
(t — 1)(min{p, q} + 2). And we obtain a reduced row echelon matrix with several rows containing
nonzero elements only in the first (t — 1)q columns. Denote the submatrix consisting of the fragments
of these rows in the first (t — 1)q columns by B. One can see that B does not rely on k for k large
enough. Perform the Gaussian elimination method to the submatrix A by using the row vectors of B
and it follows that for k large enough, there exists a constant ¢ € N such that rank(Ny) = rank(Cy) +c.
Hence, rank(Ny) =d'(k —t + 1) + s’ + ¢ for k large enough. Set a' = —d'(t — 1) + s’ + c. So for
k large enough, rank(Ny) = d'k + a’ and the least k such that rank(Ny) = d’k + @’ is bounded by
(t — 1)(min{p,q}+2). O

Due to Lemma 4.6, we can prove a formula of py for k > 0. (We use k> 0 to denote k large
enough.)

Theorem 4.7. Suppose F is a difference algebraic system which is quasi-prime at p. Assume the p-quasi di-
mension polynomial of F is ¥ (k) = dk + s. Then for k >> 0, there exists a € Z such that

Wi =(d+r—nk+a. (3)

Moreover, an upper bound of the least k such that the equality (3) holds is e(min{r, n} + 2).

Proof. Set i =e — 1. Then for k > 0,

JF
Y ®©
JF 1 JF 1
(ay(e—l))() (3Y<5))()
Jke—1= OF \(e) OF \(e) ' IF_\(e)
(W) (GY“)) (BY(e))
dF \(k—1 JF k—1 JF k—1
(W)( ) (aY—“))(c ) ... (W_(e))( )

So by Lemma 4.6, for k > 0, there exists d’ € N and a’ € Z such that rank(Jx.—1) =d'k +d’, and
the least k such that rank(Ji.—1) =d’k +a’ is bounded by e(min{r,n} + 2). Note that d’ =n —d. Set
a=—d'. Hence for k>0, py =kr — rank(Ji—1) = (d +r —n)k +a, and an upper bound of the least
k such that uy = (d+r—n)k+a is e(min{r,n} +2). O

Remark 4.8. Let p be the p-quasi regularity degree of the system F. From the proof of Lemma 4.6,
we actually have a more accurate upper bound for the least k such that py = (d +r —n)k +a, namely,
p+e.
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Remark 4.9. In fact, we can deduce the formula of w) for k> 0 in a more straightforward way. Fix an
index i € Ns._1. By Proposition 4.5, for k>> 0, we have (i —e+1+k) = k(n —r) + i + trdegy (2; k).
Note that trdegy (€2; k) will be a constant for k > 0 since the increasing chain (A;_¢414k N Bi)ken 0f
prime ideals in the ring B; is stable. So by Theorem 3.7, uy is a polynomial of degree one for k > 0.

Definition 4.10. In Theorem 4.7, the least integer k such that w, = (d +r — n)k + a is called the
p-difference index of the system F, which is denoted by w. If [F] is itself a o-prime o -ideal, we say
simply the difference index of F.

It is obvious from the construction that w is depending on the choice of the minimal o -prime
o-ideal p over [F]. However, we will prove some properties of @ which meet our expectation for
difference indices.

5. Properties of p-difference index

A notable property of most differentiation indices is that they provide an upper bound for the
number of derivatives of the system needed to obtain all the equations that must be satisfied by the
solutions of the system. This case is also suitable for the p-difference indices defined above.

Theorem 5.1. Suppose F is a difference algebraic system which is quasi-prime at p. Let p and w be the p-quasi
regularity degree and the p-difference index of the system F respectively. Then, fori € N>e_1 such thati+w >
p + e — 1, the equality of ideals

Ai—et+1+0 N Bi = AN B;
holds in the ring B;. Moreover, for every i € Nse_1,leth; :=minfh e N: Aj_o114:n NBi=ANB;}. Ifi+ 0 >
p+e—1landi+h;>p+e—1,thenw=h;.
Proof. The proof is similar to Theorem 5.1 of Wang (2016) and we omit it. O
Remark 5.2. Taking i =e — 1 in the last assertion of the above theorem, we obtain that if w > p and
he—1 > p, then one has the following equality for the p-difference index:

owo=minfhe N: AN Be—1 =ANBe_1}.

The following proposition reveals a connection between the formula of u, for k > 0 and the
properties of the dimension polynomial of p (see Section 6.1).

Proposition 5.3. Suppose F is a difference algebraic system which is quasi-prime at p. Assume the p-quasi
dimension polynomial of F is vy (k) = dk + s and for k > 0, uj, = (d + r —n)k + a. Then d = o -dim(p) and
a=s—ed — ord(p), where o -dim(p) and ord(p) are the difference dimension and the order of p respectively.
In particular, if w is the p-difference index of the system F, then (1, = (d +1 —n)w + s — ed — ord(p).

Proof. Let p be the p-quasi regularity degree of the system F. Fix an index i € Ns._; such that
i+w>p+e—1.By Theorem 5.1, for k > @, Aj_ey14k N Bi = A N B;. Therefore, for k > w, by Propo-
sition 4.5 and Theorem 4.7,

trdegy (Frac(B;/(A N B;))) = trdegy (Frac(B;/(Ai—e+1+k N Bi)))
=d@i+1)+d+r—nk+s—ed— ug
=d@i+1)+s—ed—a.
On the other hand, since Frac(B;/(A N B;)) = Frac(A;/(p N A;)), by Wibmer (2013), Section 5.1,
trdegy (Frac(B;/(A N B;))) = o-dim(p)(i + 1) + ord(p).
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So
dii+1)+s—ed —a=o-dim(p)(i+ 1) + ord(p), (4)

for all i € Ne_1 such that i + w > p + e — 1. Compare the coefficients of i on the two sides of the
identity (4), and it follows d = o-dim(p) and a =s —ed —ord(p). O

Remark 5.4. Note that Aj_..1 CANBj,sofori>p+e—1,we have y(i—e+1)=d(i—e+1)+5s>
d(i + 1) + ord(p) and hence s > ed + ord(p). Therefore, by Proposition 5.3, a=s — ed — ord(p) > 0.

6. Applications of p-difference index
6.1. The Hilbert-Levin regularity

For a o-prime o-ideal p, the polynomial ¢ (i) = o-dim(p)(i + 1) + ord(p) is known as the dimen-
sion polynomial of p (see for instance Wibmer, 2013, Chapter 5). The minimum of the indices ip such
that ¢(i) = trdegy (Frac(A;/(A; Np))) for all i > i is called the Hilbert-Levin regularity of p. The results
developed on p-difference indices enable us to give an upper bound for the Hilbert-Levin regularity
of p.

Theorem 6.1. Suppose F is a difference algebraic system which is quasi-prime at p. Let p and w be the p-quasi
regularity degree and the p-difference index of the system F respectively. Then the Hilbert-Levin regularity of
the o -prime o -ideal p is bounded by e — 1 + max{0, p — w}.

Proof. The proof is similar to Theorem 6.1 of Wang (2016) with a little change and we omit it. O

6.2. The ideal membership problem

It is well known that in polynomial algebra, the ideal membership problem is to decide if a given
element f € A belongs to a fixed ideal I C A for a polynomial ring A, and if the answer is yes, to
represent f as a linear combination with polynomial coefficients of a given set of generators of I.

The ideal membership problem also exists in differential algebra and difference algebra. But unlike
the case in polynomial algebra, this problem is undecidable for arbitrary ideals in differential algebra
(see Gallo et al., 1991) and difference algebra. However, there are special classes of differential ideals
for which the problem is decidable, in particular the class of radical differential ideals (Seidenberg,
1956, see also Boulier et al., 1995). By virtue of Theorem 5.1, we are able to give an order bound for
the ideal membership problem of a quasi-prime difference algebraic system.

The following ideal membership theorem for polynomial rings will be used.

Theorem 6.2. (Aschenbrenner, 2004, Theorem 3.4) Let K be a field and g, g1, ..., 8 € K[y1, ..., ¥n] be a set
of polynomials whose total degrees are bounded by an integer d. If g is a polynomial belonging to the ideal
generated by g1, ..., gs, then there exist polynomials aq, ..., as such that g = Zj‘:] ajgj and deg(aj) <

Qd)? for1<j<s.

Now we obtain the following effective ideal membership theorem for quasi-prime difference alge-
braic systems:

Theorem 6.3. Suppose F is a quasi-prime difference algebraic system in the sense of Remark 3.3. Let p and
w be the quasi regularity degree and the difference index of the system F respectively. Let f € K{Y} be any
o -polynomial in the o -ideal [F] such that w + max{0, ord(f) — e + 1} > p. Let D be an upper bound for the
total degrees of f, f1, ..., fr.Set N := w + max{—1, ord(f) — e}. Then, a representation

f= > gii f”
1<i<r,0<j<N

holds in the ring A ye, where polynomials g;; have total degrees bounded by (2D)>™ """
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Proof. The upper bound on the order of transforms needed to apply to fi,..., f; is a direct conse-
quence of Theorem 5.1 applied to i := max{e—1, ord(f)}. The degree upper bound for the polynomials
gij follows from Theorem 6.2. O

Remark 6.4. Since we have an upper bound e(min{r,n} 4+ 2) for w, it suffices to take N =
e(min{r, n} + 2) + max{—1, ord(f) — e} to get more explicit upper bounds of the order and the degree
in the above ideal membership problem.

7. An example

Example 7.1. Notations follow as before. Consider the difference algebraic system F = {ygz) - y1,

yil) —¥2,¥1Y2 — 1} € A= K{y1,y2}. Then A =[F] is a o-prime o-ideal and F is a quasi-prime

system in the sense of Remark 3.3. We have n=2,r =3,e =2,d = 0. The corresponding matrices
Ji,k=1,2,3,... are

-1 0 0 0 1 0
o -1 1 0 0 0
yy1» 0 0 0 O
-1 0 0 0 1 0
0o -1 1 0 0 O
yi y2 0 0 0 0
-1 0 0O 0 1 O ’
0O -1 1 0 0 O
y2 y1 0 0 0 0
and Jr1,k=1,2,3,... are
1 0
0 0
0 0
0 0 1 0
1 0 0 0
0 0 0 0
-1 0 0 0 1 0
0o -1 1 0 0 0
Y y1 0 0 0 0
-1 0 0 0 1 0
0o -1 1 0 0 O
yr y2 0 0 0 O
-1 0 0 0 1 O
0O -1 1 0 0 O
y2 y1 0 0 0 0
Since yﬁm) =y, y§21+1) =y, yéz') =y, y§2:+1) =y in the ring A/A for all i € N, we have replaced

y?”, y§2i+1), yézj), y§2i+]) by y1,¥2, 2, y1 respectively in Ji and Jj 1 for all i € N. It can be computed

that rank(J1) = 3, rank(J,) = 5, rank(J3) = 7. In fact, rank(J;) = 2k + 1 for all k > 1. So the quasi
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dimension polynomial of the system F is v (k) =2k + 1 and the quasi regularity degree p = 1. Also,
one can compute that rank(J1,1) =1, rank(J2,1) =2, rank(J3,1) =4, rank(J4,1) =6, so 1 =2, uy =
4, u3 =5, g = 6. In fact, uy =k + 2 for all k > 2. Hence the difference index of the system F is
w = 2. One can check that Ay, NA1 =ANA;.
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