SYSTEMS OF POLYNOMIALS WITH AT LEAST ONE POSITIVE
REAL ZERO

JIE WANG

ABSTRACT. In this paper, we prove several theorems on systems of polynomials
with at least one positive real zero based on the theory of conceive polynomi-
als. These theorems provide sufficient conditions for systems of multivariate
polynomials admitting at least one positive real zero in terms of their Newton
polytopes and combinatorial structure. Moreover, a class of polynomials at-
taining their global minimums in the first quadrant are given, which is useful
in polynomial optimization.

1. INTRODUCTION

An important problem in real algebraic geometry is bounding the numbers of
positive real zeros for polynomials or systems of polynomials. In the univariate case,
the well-known Descartes’ rule of signs gives a nice upper bound for the number of
positive real zeros of a polynomial.

Descartes’ rule of signs Given a univariate real polynomial f(z) such that
the terms of f(x) are ordered by descending variable exponents, the number of
positive real zeros of f(x) (counted with multiplicity) is bounded from above by the
number of sign variations between consecutive nonzero coefficients. Additionally,
the difference between these two numbers (the number of positive real zeros and
the number of sign variations) is even.

However, no complete multivariate generalization of Descartes’ rule of signs for
upper bounds of numbers of positive real zeros is known, except for a conjecture
proposed by Itenberg and Roy in 1996 ([6]) and subsequently disproven by T.Y. Li
in 1998 ([10]). In [8], a special case for systems of polynomials with at most one
positive real zero was considered through the theory of oriented matroids. Based
on this method, a partially multivariate generalization of Descartes’ rule of signs
for systems of polynomials supported on circuits can be found in [2, 3].

While lower bounds guarantee the existence of positive real zeros which has
applications in fields such as polynomial optimization (the existence of global min-
imizers, [1, 11, 13]), chemical reaction networks (the existence of positive steady
states, [7, 8]) and so on, there are few results on lower bounds of numbers of posi-
tive real zeros for polynomials or systems of polynomials in the literature. In [14],
a lower bound of numbers of real zeros for systems of Wronski polynomials was
derived.
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In this paper, we concentrate on the case of lower bound one for the number
of positive real zeros. More specifically, we prove several theorems on systems
of polynomials with at least one positive real zero (Theorem 4.6, Theorem 4.8
and Theorem 4.10), based on the theory of conceive polynomials developed in [1].
These theorems provide sufficient conditions for systems of polynomials admitting
at least one positive real zero in terms of their Newton polytopes and combinatorial
structure and can be also seen as a first step to the broader problem of bounding
the number of positive real zeros from the below for systems of polynomials.

In polynomial optimization problems, the existence of global minimizers of ob-
jective polynomials is often formulated as an assumption for some of the algorithmic
approaches ([1, 11, 13]). However, this assumption is very non-trivial. To verify
that a given polynomial has this property is a difficult problem. As another con-
tribution of this paper, we give a class of polynomials which attain their global
minimums in the first quadrant (Theorem 3.4).

2. PRELIMINARIES

2.1. Nonnegative polynomials. Let R[x| = R[zq,...,z,] be the ring of real n-
variate polynomial, and N* = N\{0}. Let Ry be the set of positive real numbers.
For a finite set &/ C N™, we denote by conv(%/) the convex hull of &7, and by V(&)
the vertices of the convex hull of &/. We also denote by V(P) the vertex set of
a polytope P. For a polynomial f € R[x] of the form f(x) = > caXx® with
Co € Ryx™ = 27" -+ 2%, the support of f is supp(f) := {a € & | ¢co # 0} and
the Newton polytope of f is defined as New(f) := conv(supp(f)). For a polytope
P, we use P° to denote the interior of P.

We say that a polynomial f € R[x] is nonnegative over A for A C R, if for
all x € A, f(x) > 0. Particularly, a polynomial f € R[x| is nonnegative over
R™ is called a nonnegative polynomial. A nonnegative polynomial must satisfy the
following necessary conditions.

Proposition 2.1. ([12, Theorem 3.6]) Let & C N" and f =), caX® € R[x]
with supp(f) = /. Then f is a nonnegative polynomial only if the followings hold:
(1) V(<) € (2N)";

(2) If @ € V(&f), then the corresponding coefficient co, is positive.

2.2. Circuit polynomials.

Definition 2.2. Let o/ C (2N)" and f € R[x|. Then f is called a circuit polyno-
mial if it is of the form

flx) = Z CaX® — dxP,
ace
and satisfies:

(1) o/ comprises the vertices of a simplex;
(2) co >0 forac o;
(3) B € conv(&/)°.

For a circuit polynomial f =) . , caX® — dxP, assume
B= laawithig>0and Y Ag=1,
acad acd

and define the corresponding circuit number as O := [[,c/(ca/Xa)*>. The
nonnegativity of a circuit polynomial f is decided by its circuit number alone.
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Theorem 2.3. ([5, Theorem 3.8]) Let f = ¢,/ cax® — dxP € R[x] be a circuit
polynomial and Oy its circuit number. Then f is a nonnegative polynomial if and
only if B¢ (2N)" and |d| < Oy, or B € (2N)" and d < Oy.

For more details about circuit polynomials, the reader is referred to [5, 15].

2.3. Coercive polynomials. A polynomial f € R[x] is called a coercive polyno-
mial, if f(x) — +oo holds whenever ||x|| — 400, where ||-|| denotes some norm
on R™. Obviously the coercivity of f implies the existence of global minimizers of
f over R™. Necessary conditions ([1, Theorem 2.8]) and sufficient conditions ([1,
Theorem 3.4]) for a polynomial to be coercive were given in [1].

Theorem 2.4. ([1, Theorem 2.8]) Let f =", c ., cax™ € R[x]| with supp(f) = &/

be a coercive polynomial and cg > 0. Then the following three conditions hold:

(1) V() € (2N)";

(2) If a € V(&), then the corresponding coefficient co, is positive;

(3) For every i, 1 <1i < mn, there exists a vector 2k;e; € V(&) with k; € N*, where
e; is the standard basis vector of R™.

For f = ) co Cax® € R[x] with supp(f) = 7, let .7 be the set of faces of
New(f) which do not contain the origin point 0 and let

(2.1) D:= |J (#\V(#)NF.

FeF

For the later use, we restate Theorem 3.4 in [1] for our purpose as follows.

Theorem 2.5. ([1, Theorem 3.4]) Let f =3 ., caX® € R[x] with supp(f) = &
and co > 0. Assume that the necessary conditions in Theorem 2.4 are satisfied and
D is as (2.1). If for every a € D, co > 0, then f is a coercive polynomial.

For more details about coercive polynomials, the reader is referred to [1].

Before proving the main results of this paper, we outline the key ideas as follows.
For a polynomial satisfying certain conditions, we first apply an invertible linear
transformation to its exponent vectors to obtain a coercive polynomial (Lemma 3.1).
Then we prove that there is a one-to-one correspondence between the minimizers
of the original polynomial over the first quadrant and those of the transformed
polynomial (Lemma 3.2). Hence the coercivity of the transformed polynomial and
the existence of global minimizers for coercive polynomials imply the existence of
minimizers for the original polynomial (Lemma 3.3 and Theorem 3.4). Finally, we
prove three theorems on systems of polynomials with at least one positive real zero
by virtue of Lemma 3.1, Lemma 3.2 and Lemma 3.3 (Theorem 4.6, Theorem 4.8
and Theorem 4.10).

3. POLYNOMIALS ATTAINING THEIR GLOBAL MINIMUMS

In this section, we prove some lemmas and a theorem on the existence of global
minimizers in R? for a class of polynomials.

Let R[x*] denote the Laurent polynomial ring and g(x) = >, cax® € RixT].
For an invertible matrix T' € GL,(Q), the polynomial obtained by applying T to
the exponent vectors of g is denoted by g7 = o caxTe.
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Let A be a polytope of dimension d. For a vertex «x of A, if « is the intersection
of precisely d edges, then we say A is simple at a. Obviously, a polygon is simple
at any vertex.

Lemma 3.1. Suppose f = co + D pco CaX® = D 5cp dexP € R[x*] such that
dim(New(f)) =n, Z C New(f)°NZ", 0 € V(New(f)) and New(f) is simple at 0.
Then there exists oy = {a1,...,an} CV(New(f)) and T € GL,(Q) such that

ff=co+ z": caimfk" + Z Caxl® — Z dngﬁ7
i=1

acd\ A, BeA

where k; € N*, Taw € (2N)" for each o € o/ \tp and T3 € New(f1)°NN" for each
B e A.

Proof. Since New(f) is simple at 0, 0 is the intersection of precisely n edges. Let
oy = {a,...,a,} € V(New(f)) be the other extreme points of these n edges.
Let TV € GL,(Q) such that T'(a, ..., ) = diag(kl,..., k), where k; € N*.
Suppose i € N* is the least common multiple of the denominators appearing in the
coordinates of T'ax and T3 for o € &/ \ oty and B € B. Let T = 2uT’. Then Tx €
(2Z)" for each o € '\t and T3 € Z" for each B € . Moreover, since affine
transformations keep convexity, we have Tax € (2N)" and T3 € New(f7)° N N".

Thus T meets the requirement with k; = pkl,i=1,...,n. O
Consider the bijective componentwise exponential map

7

3.1 exp:R" - R?, x=(x1,...,2,) > =(e,...,e").
+

The image of a polynomial g(x) = ) cox® under the map exp is g(e*) =
> o Call®®), where (a,x) = ax is the inner product of o and x. Clearly, the
range of g(x) over R’} is same as the range of g(e*) over R".

Lemma 3.2. Let g(x) = Y. cax® € R[x*] and T € GL,(Q) such that g¥(x) €
R[x*]. Then the infimums of g(x) and g7 (x) over R} are the same. Furthermore,
the minimizers (and the zeros) of g(x) and g*(x) over R’ are in a one-to-one
correspondence.

Proof. We only need to show that the same conclusions hold for g(e*) and g7 (e¥X)
over R", which easily follow from the equalities

9(@) =Y cacl® =3 cqelTT = g ("7X)

and
gT(ex) _ ane(Ta,x) _ anda’TTx) _ g(eTTx),
(o7 (a1
where T* = (T~1)T = (T7)~! and T represents the transpose. O

Lemma 3.3. Suppose f = co+)_ ¢z CaX™ *Zﬁegg dpxP € R[x*], co,Cardg > 0
such that of C Z™, B C New(f)° NZ", dim(New(f)) = n, 0 € V(New(f)) and
New(f) is simple at 0. Assume that 3, c ., caX™ =) 5.5 dxP is not nonnegative
over R . Then f has a minimizer over R'}.
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Proof. By Lemma 3.1, there exists o = {ay,...,a,} € V(New(f)) and T €
GL,(Q) such that f7 = co+ Y1, ca, 7} + D e \cto Cax! — 2pe dex"P €
R[x], where Ta € (2N)" for each o € @\ and T3 € New(f1)° N N" for each
B € %. By Theorem 2.5, f7 is a coercive polynomial, and hence has a global
minimizer over R”. Note that f7(|x[) = co+Y_1_; o %il*" +3 4 c o oy CarlX[* =
> ges dp|x|TP < fT(x), where |x| = (|21],...,|74]). So fT has a global minimizer
x* in R%,, where R>¢ is the set of nonnegative real numbers. Since f — cq is

not nonnegative over R?, by Lemma 3.2, fT — co is not nonnegative over R7. It
follows that the global minimum of f7 is lower than co, and since for x € RZ\R",

fT(x) > co, we have x* € R?. Thus fT has a minimizer over R? and so does f by
Lemma 3.2. 0

Theorem 3.4. Suppose [ =3 .., CaX™ — Zﬁegg dexP € R[x], ca,dg > 0 such
that o C (2N)", Z C New(f)° NN", dim(New(f)) = n. Assume that conv(e/ U
{0}) is simple at 0. If 0 is not a global minimizer of f, then f has a global minimizer
in RY.

Proof. Since f(|x]) =3 e CalX* = gcs dg|x|P < f(x), we only need to search
the global minimizers of f in RL,, or equivalently in {0} URY (since for x €
RZ AR, f(x) > f(0)). If 0 € &/ and f — ¢ is nonnegative over R}, then 0 is a
global minimizer of f. If 0 € &/ and f — cg is not nonnegative over R”}, then by
Lemma 3.3, f has a minimizer over R’} , which is also a global minimizer. If 0 ¢ .o/
and f is nonnegative over R}, then 0 is a global minimizer of f. If 0 ¢ < and f
is not nonnegative over R, consider the polynomial f 4 ¢, ¢ > 0. By Lemma 3.3,
f -+ ¢ has a minimizer over R”}. It follows that f has a minimizer over R"}, which
is also a global minimizer. O

4. SYSTEMS OF POLYNOMIALS WITH AT LEAST ONE POSITIVE REAL ZERO

A positive real zero of a polynomial or a system of polynomials is a real zero
with positive coordinates. Note that the positive real zeros of the polynomials
f(x1,...,2,) and f(z3,...,22) are in a one-to-one correspondence. Since we only
consider positive real zeros in this paper, we can apply the map z; — 22 (1 <i <
n) and assume that the supports of polynomials in the following are in (2N)™ if
necessary.

Proposition 4.1. Let F be the following system of polynomial equations

(4.1) D cala—7)x* =Y da(B-7)x" =0,

acad BeB
where o C N, cq,dg >0 and vy € V(A), 2 C A°NN" with A = conv(e/ U{~}).
Assume that dim(A) = n, A is simple at vy and Y ¢ .y CaX™ = 5cz dgxP is not
nonnegative over R" . Then I has at least one positive real zero.

Proof. Consider the polynomial f = dxY 4" caX® — Zﬁe% dgxP. Let f' =
F/X7 = d+ 3 gy CaX™7 — Zﬁe%dgx‘a*T Then by Lemma 3.3, f’ has a
minimizer over R’. Assume the minimum of f’ over R%} is & Then f'(x) — ¢
is nonnegative over R"! and has a positive real zero. It follows that f — {xY =
(d =)%Y+ qew CaX™ =D ez dgx” is nonnegative over R’} and has a positive
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real zero, which implies that the system of f — &xY = 0 and V(f — &x7) =0 (V
means the gradient) has a positive real zero. Multiplying f — £xY = 0 by ~ yields

(4.2) (d—=&vyx" + Z CayX* — Z dgyxP = 0.
acad BeA

Multiplying the i-th equation of V(f — £xY) = 0 by z; yields

(4.3) (d=7x" + D caax® =Y dgBx? =0.
acd BeAB

From (4.3)—(4.2), we obtain
(4.4) D cala—7)x* =Y dg(B-~)x" =0,
aco BeAB

which is exactly F'. Thus F' has a positive real zero. O

Example 4.2. Consider the following system of polynomial equations with of =
{alaa27a37a4} = {(870)v (078)7 (4v 4)7 (Ovo)jﬁ B = {Bl’la2} = {(174)3 (372)} and
¥ =(8,8):

(4.5) {8?/8 —4atyt — 8+ 21ay* + 523> = 0
—828 — dalyt — 8 + 122y* + 623y = 0
as ~
o3, w3
03,
ay ay

The polynomial z® + 8 + 2*y* + 1 — 3zy* — 23y is not nonnegative over R% and
hence by Proposition 4.1, the system (4.5) has at least one positive real zero. In
other words, the lower bound for the number of positive real zero of (4.5) is one.
Actually, a computation by Mathematica yields two positive real zeros of (4.5):

(1.13128,1.23327) and (0.72571,0.961524).

Lemma 4.3. Suppose fa =3 c.y CaX™ +dxY =3 5.5 dgxP € R[x|, o U{~} C
N", ¢a,dg > 0 such that  C A°NN™ with A = conv(e/ U{v}). Assume dim(A) =
n, A is simple at some vertex o € o (oo #¥) and Y-, c oy CaX™ = Y 5z dpxP
is not nonnegative over R’ . Let d* := inf{d | fq is nonnegative over R’ }. Then
fax has a positive real zero.

Proof. Let || = . For each 3 € A, since B € A°, then there must exist a subset
Ag of &7 such that Ag U {~} comprises the vertices of a simplex Ag containing 3
as an interior point. For each v € UgesAg, count how many Ag’s contain o and
evenly distribute co. Then we can write

d
(4.6) fa= Z ( Z CapX™ + 7X7 — dﬁxﬁ) + Z CaX®™
BeA OLGAﬂ a¢Uﬁ€@A5

as a sum of circuit polynomials. Observe that if d is sufficiently large, then every
circuit polynomial appearing in (4.6) is nonnegative by Theorem 2.3 and hence fy
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is nonnegative over R . So the set in the definition of d* is nonempty and obviously
has a lower bound 0. It follows that d* exists.

Let fi = fa/x™ = cay + Laew\fag) @X™ +dX7™%0 = 3ge 5 dpxP72.
By Lemma 3.1, there exists &4 = {a1,...,a,} C V(&)\{ap} and T € GL,(Q)
such that [ = cay + Y71 Cai@i™ + Yaeam (wyuian)) Ca X @) HdxT(720) -
> Bez dgxTB~a0) ¢ R[x], where T(a — o), T(v — ) € 2N)", T(B — o) €
New(fiF)°NN" (we assume v ¢ o without loss of generality). By Lemma 3.2, the
nonnegativity of f; over R is the same as the nonnegativity of f} over R’} , and
hence is the same as the nonnegativity of f; over R’}. Let 0 < dy < d*. By Theorem
2.5, f('if is a coercive polynomial. Hence there exists N > 0 such that for ||x|| . > N,

I(x) > 0. For do < d < d*, since fiI(x)— fF'(x) = (d—do)xT(v=2) > 0 over R7,
we have fi7'(x) > fil'(x) over R}. Thus for |||, > N and x € R%, fi'(x) > 0.
By the definition of d*, f; is not nonnegative over R} and so is fiF. That is to say,
there exists x4 € R} such that fi7(xq) < 0. It follows ||x4[|,, < N. Let d — d*.
Then we have f/7(xq) — £ (x4) = (d — d*)xs ") 0. Since 1 (xq) > 0 and

/T (xq) < 0, we must have f;(x4) — 0. Thus the infimum of f; over R" is 0.
It follows that fﬁ’g — Cayq is not nonnegative over R’} . So by Lemma 3.3, fg has a
minimizer over R, which is a positive real zero of f, T'. As a consequence, f. also
has a positive real zero by Lemma 3.2 and so does fg«. ([

Proposition 4.4. Let F be the following system of polynomial equations

(4.7) D cala—y)x* = > dg(B—7)x’ =0,

acd Be#
where o U {v} C N”, ¢q,dg > 0 and ## C A° NN" with A = conv(e/ U {~}).
Assume that dim(A) = n, A is simple at some vertex oy € & (g # ) and
Y e CaX™ — Zﬁe@ dgxP is not nonnegative over R}. Then F' has at least one
positive real zero.

Proof. Consider the polynomial f3 =", caX® +dxY — Zﬁe@ dgxP. Define d*
as in Lemma 4.3. Then by Lemma 4.3, f4« has a positive real zero which is also a
minimizer of fg- over R’. It implies that the system of fg« = 0 and V(fq-) = 0
has a positive real zero. Multiplying f4« = 0 by v yields

(4.8) Z CayX™ + d*yxY — Z dgyxP =
acd BeA

Multiplying the i-th equation of V(f4+) = 0 by z; yields

(4.9) D caox™ +dyxT = ) dgfxP =0.
acad BeAB

From (4.9)—(4.8), we obtain
(4.10) Y. calo—y)x* = dp(B—7)x" =0,

acd BeA

which is exactly F. Thus F' has a positive real zero. ([

Example 4.5. Consider the following system of polynomial equations with of =
{ay, as, 03,04} ={(8,8),(8,0),(0,8),(0,0)}, Z = {81, 82} ={(1,4).(3,2)} and
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v =(4,4):
(4.11) 4x8y8+4x8—4y8—4+9xy4+x32:0
’ 4a8y® — 428 + 4y® — 4+ 2232 =0
(8 23 (e 5}
0B XY
o,
(e 7} (6%}

The polynomial z3y8 + 28 + y® + 1 — 3zy* — 23y is not nonnegative over R and
hence by Proposition 4.4, the system (4.11) has at least one positive real zero. In
other words, the lower bound for the number of positive real zero of (4.11) is one.
Actually, a computation by Mathematica yields exactly one positive real zero of
(4.11):

(0.752174,0.974982).

Combining Proposition 4.1 with Proposition 4.4, we obtain the following theo-
rem.

Theorem 4.6. Let F' be the following system of polynomz'al equations

(4.12) D cala—y)x* = > da(B—v)x

acd BeA
where o U{y} CN", ca,dg >0 and 8 C A° NN" with A = conv(/ U {~v}). As-
sume that dim(A) = n, A is simple at some vertez and ¢ ., CaX™ = 5c 5 dpx
is not nonnegative over R’y . Then I has at least one positive real zero.

Lemma 4.7. Suppose fo =3 c.y CaX™ =D 5cp dgxP — dx7 € R[x], o/ C N",
Ca,dg > 0 such that U {v} C A° NN" with A = conv(«/). Assume that
dim(A) = n, A is simple at some vertex atg € & and Y ¢ oy CaX* — 3 5c 5 dp

is nonnegative over R'}. Let d* := sup{d | fq is nonnegative over R }. Then fd*
has a positive real zero.

Proof. Tt is clear that the set in the definition of d* is nonempty and has up-
per bounds. Hence d* exists. Let f; = fq/Xx* = cq, + Zaed\{ao} CaXX™ 0 —
Zﬁegg dgxP~0 — dxY=*_ By Lemma 3.1, there exists @ = {au,...,a,} C
V(e/)\{ap} and T € GLo(Q) s:t. fi7 = Cap+ iy Cars™ + 2 pean (atpU{ao]) Cor
xTlema0) _ 357 pdpxT B0 — gxT(r=e0) ¢ R[x], where T(a — a) € (2N)",
T(B— ), T(y — ap) € New(f;')° N"N™. By Lemma 3.2, the nonnegativity of f;
over R is the same as the nonnegativity of f; over R’ , and hence is the same as
the nonnegativity of f; over R%}. Let dyp > d*. By Theorem 2.5, fc’lf is a coercive
polynomial. Hence there exists N > 0 such that for [[x| . > N, f;F(x) > 0. For
d* < d < dy, since fiT'(x) — fil(x) = (dg — d)xT(7=*0) > 0 over R", we have

F(x) > fif(x) over R7. Thus for |[x|| ., > N and x € R?, f/T(x) > 0. By
the definition of d*, f/" is not nonnegative over R?}. That is to say, there exists
xg € R%} such that f (xd) < 0. It follows |[x4] , < N. Let d — d*. Then we have
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T (xq) — [ (xq) = (d* — d)xs ™) = 0. Since f/¥(x4) > 0 and f/7(x4) < 0,
we must have f;%(x4) — 0. Thus the infimum of f; over R7 is 0. It follows that
JiE — caq is not nonnegative over R?. So by Lemma 3.3, f T’ has a minimizer over
R, which is a positive real zero of fiF. As a consequence, f/. also has a positive
real zero by Lemma 3.2 and so does fg-«. O

Theorem 4.8. Let F be the following system of polynomial equations

(4.13) Z Cala —v)x™* — Z ds(B —~v)xP =0,

acad BeB
where o/ CN", cq,dg > 0 and BU {~v} C A°NN" with A = conv(e/). Assume
that dim(A) = n, A is simple at some verter and ) ¢ ., CaX™ — > 5.5 dgxP is
nonnegative over R . Then I has at least one positive real zero.

Proof. Consider the polynomial fq =), caX* — Zﬁe@ dgxP — dx7. Define d*
as in Lemma 4.7. Then by Lemma 4.7, f4« has a positive real zero which is also a
minimizer of fg- over R’. It implies that the system of f;- = 0 and V(fgq-) = 0
has a positive real zero. Multiplying f4« = 0 by ~ yields

(4.14) Z CayX* — Z dgyxP — d*yx¥ = 0.
acd BeA

Multiplying the i-th equation of V(f4+) = 0 by x; yields

(4.15) Z CaOx™ — Z dgBxP — d*yxY = 0.
acd BeA

From (4.15)—(4.14), we obtain
(4.16) Z Cala —v)x* — Z dsg(B —v)xP =0,
acd BeAB

which is exactly F'. Thus F' has a positive real zero. 0

Example 4.9. Consider the following system of polynomial equations with of =
{041, Q, (3, Oy, a5} = {(87 8)a (870)7 (05 8)7 (474)7 (070)}} B = {IB} = {(33 2)} and
v =(1,4):

(4.17) Ta8y® + 72® — ¥ £ 324yt —1 2232 =0
) 4a8y® — 428 + 49® — 4+ 22392 =0
(8 %3 (e 5}
nYy (0 7]
o83
Qs a2

The polynomial x8y® +x8+y8 +xty* +1—23y? is nonnegative over R% and hence by
Theorem 4.8, the system (4.17) has at least one positive real zero. In other words,
the lower bound for the number of positive real zero of (4.17) is one. Actually, a
computation by Mathematica yields exactly one positive real zero of (4.17):

(0.778814,0.972957).
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Combining Theorem 4.6 with Theorem 4.8, we obtain the following theorem.

Theorem 4.10. Let F be the following system of polynomial equations

(4.18) 3 cala—y)x* = 3 da(B - v)x" =0,

acad BeAB

where o/ CN", cq,dg > 0 and BU {v} C A° NN" with A = conv(e/). Assume
that dim(A) = n and A is simple at some vertex. Then F' has at least one positive
real zero.

Remark 4.11. A version of Birch’s theorem ([4, 8]) in statistics states that the
following system of polynomial equations

(4.19) Z ol —v)x* =0,

acd

where o/ CN", ¢q > 0, v € conv(/)° NN", dim(conv(«/)) = n, has exactly one
positive real zero. Our theorems hence can be viewed as a partial generalization of
Birch’s theorem.

Remark 4.12. In the above theorems, we always assume that the Newton poly-
tope A is simple at some vertex since we need to exploit the property of coercive
polynomials in the proofs. It is not clear whether this condition can be dropped.

As an application, we finally give an example from chemical reaction networks
to illustrate our theorems.

Example 4.13. Consider the following reaction network consisting of species A, B
and reactions:

64 5 4A + 3B
6B = 4A+ 3B
3A+5B = 4A+ 3B
3A+4B 5 2A+ 5B
with reaction rate constants r1,r9,7r3,74 > 0. We denote by x 4,xp the concentra-

tions of the species A, B respectively. Under the assumption of mass-action kinetics,
we describe how these concentrations change in time by following system of ODEFEs:

(4.20) {“ = 2r12° — dray® —rsa®y® + raa’y’

ip = —3r1a® 4 3oy’ + 2r3a’y’ — ryadyt

A positive steady state of (4.20) is a concentration-vector (z%,x%) € R% at which
the right-hand side of the ODEs (4.20) wvanishes. One can easily check that the
system of polynomials in (4.20) satisfies the conditions of Theorem 4.10 with of =

{an, a2, a5} ={(6,0),(0,6),(3,5)}, Z ={B} = {(3,4)} and v = (4,3).
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a2 a3

aq

Therefore, Theorem 4.10 enables us to give a lower bound, i.e. one, for the number
of positive steady states of (4.20). Actually, a computation by Mathematica yields
exactly one positive steady state of (4.20):

(175103, 1.49382).

5. CONCLUSIONS

In this paper, sufficient conditions for certain systems of multivariate polyno-
mials admitting at least one positive real zero are given for the first time. These
sufficient conditions are expressed in terms of Newton polytopes and their combina-
torial structure. It is possible to find applications in polynomial optimization and
chemical reaction networks. The further goal is to give upper and lower bounds for
the number of positive real zeros to more general systems of multivariate polyno-
mial equations, i.e., a multivariate version of Descartes’ rule of signs. We hope the
main results of this paper could shed some light on this difficulty problem.
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